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Abstract
In recent decades, education researchers have recognized the need for teach-
ers to have a nuanced content knowledge in addition to pedagogical knowl-
edge, but very little research was conducted into what this knowledge
would entail. Beginning in 2008, math education researchers began to de-
velop a theoretical framework for the mathematical knowledge needed for
teaching, but their work focused primarily on elementary schools. I will
present an analysis of the mathematical knowledge needed for teaching
about the regular curves and surfaces, two important concepts in differen-
tial geometry which generalize to the advanced notion of a manifold, both
in a college classroom and in an on-line format. I will also comment on the
philosophical and political questions that arise in this analysis.
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Chapter 1
Introduction
This project is motivated by interest along two parallel lines of inquiry:
pedagogy in distance education courses and pedagogy in higher education.
Distance education has existed for quite a while in the form of correspon-
dence courses, but as the Internet has matured, so too has the prominence
of such courses. Perhaps the best known example of Internet distance ed-
ucation is the Khan Academy, which offers a host of free video tutorials in
a vast range of subjects for its users’ self-edification. However, a number
of universities are experimenting with Internet-based learning in a more
rigorous framework, the massive open online course (MOOC). MOOCs,
which are offered through companies run by such universities as Harvard,
MIT, and Stanford, are free and have no enrollment limit, meaning that elite
college-level education is more accessible to people worldwide (Lewin,
2012). Although MOOCs have many benefits, including worldwide feed-
back on the ideas of both the instructor and the students, opinion is divided
on whether any type of credential should be awarded for completion of the
course. One reason for this controversy is that this type of distance educa-
tion is still experimental. Very little research has been done in distance edu-
cation pedagogy; in fact, little research has been done regarding pedagogy
in higher education at all. This project intends to contribute to the effort
to understand such pedagogy by examining teacher knowledge in higher
education and distance learning in the context of a mathematics course.
Today it is widely accepted that the knowledge necessary for teaching
a subject goes beyond that necessary for using or studying the same ma-
terial, even in a research setting. A teacher cannot be limited to simply
knowing the principles, values, and main results of a field, but must also
understand why a result is valued or considered valid, how it fits into the
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historical arc of a particular field, and what might be considered a legiti-
mate objection to such a result, and be able to articulate all of these ideas
to students who have considerably less academic experience. This con-
ceptualization of the richness and depth of teacher knowledge was first
put forth by Shulman (1986) in an address, later published, in which he
argued for a study of teachers’ content knowledge to guide educational
policy and teacher preparation programs. His idea, termed pedagogical con-
tent knowledge (PCK), has since been developed by many researchers and,
in the context of mathematics, encompassed into what is known as mathe-
matical knowledge for teaching (MKT). As the name suggests, MKT refers to
knowledge of mathematics that is needed to teach it well. MKT is currently
recognized as containing both subject matter knowledge, including special-
ized content knowledge (SCK), and pedagogical content knowledge, which
includes knowledge of content and students (KCS) and knowledge of content and
teaching (KCT); for a thorough explanation of these constructs, see Chapter
2.
While MKT has proven to be a valuable conceptual framework in ana-
lyzing teacher knowledge (see, e.g., Beswick, 2012; Charalambous and Hill,
2012; McCrory et al., 2012), most research has been done at the elementary
level and in classrooms (see, e.g., McCrory et al., 2012; Speer et al., 2010).
Speer and Hald (2008), some of the few researchers interested in MKT at the
undergraduate level, provide an overview of this research, and conclude,
To date, analogous studies have not been conducted with
people who teach undergraduate mathematics. It remains to
be seen what kinds of specialized knowledge of mathematics
graduate students and professors develop as a result of inter-
preting students’ ideas and engaging in other teaching-related
mathematical activities (Speer and Hald, 2008: p. 308).
Simply put, we do not know what MKT looks like at the undergraduate
level. Undergraduate students are significantly more mature than elemen-
tary, and sometimes even secondary, students both emotionally and mathe-
matically, and it is as yet unknown how this mathematical maturity affects
required instructor knowledge. Examples of MKT from both elementary
and post-secondary education are given in Chapter 2, but these examples
are limited; Speer and Hald, from whom the post-secondary examples are
drawn, focus on “the mathematics taught in colleges (e.g., college algebra,
pre-calculus calculus) [that] is also taught in high school” (p. 304). There
is, however, a great deal of mathematics taught at the undergraduate level
3beyond that taught in high school, adding yet another gap in mathemat-
ical maturity. In this project, we ask the question, “What does a teacher
need to know about an upper-division mathematical topic to teach it well
to mathematically mature students?” We can even take this pursuit one
step further, asking how such knowledge would change if the teacher had
limited interaction with students, such as in a large lecture class or in a
MOOC. Such research could help professors plan better lessons, increase
participation in and enthusiasm for higher mathematics, and shed light on
teaching to advanced students below the undergraduate level.
To address these questions, we examine the teaching of an introduc-
tory course in differential geometry. Differential geometry lies at the inter-
section of many different areas of mathematics, including calculus, linear
algebra, analysis, topology, and differential equations. As a result, only stu-
dents with significantly strong mathematical backgrounds take this course,
and the teaching of it draws on teaching from many different areas. It is,
however, more than the sum of these parts—differential geometry requires
an understanding of space that is frequently very new even for students
well versed in all these areas. Successful work in differential geometry also
relies heavily on visualization of the mathematical ideas, which can be fa-
cilitated by mathematical software packages like Mathematica. It is here
that our interest in distance learning comes back into play; the examples
generated in a Mathematica-based differential geometry course would lend
themselves naturally to a video or demonstration that could be put online
for widespread use. The generation of such lessons would therefore need to
account for students learning the material in a distance-education setting.
However, an introductory course in differential geometry differs from
other courses not just in the level of the content presented but also in the
context in which that content is presented. Compared to classes in ele-
mentary, middle, or high school, where attendance is compulsory and a
curriculum is mandated by state or federal law, the differential geometry
class we consider here is an upper-division elective at a postsecondary in-
stitution. Thus, not only is enrollment in the institution a privilege, but
attendance in the class is based on individual student interest. Moreover,
because the curriculum of the course is not governed by any external reg-
ulations, both the content covered and the guiding goals of the course are
at the instructor’s discretion. In such an advanced class, one of the pri-
mary goals of the course is to prepare students for graduate-level study,
including self-guided investigation and individual effort to fill in gaps in
the content or reasoning presented in the course. This goal disappears, of
course, in a distance-education context, providing us with a comparison
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with which we may evaluate the relative effects of the content and context
on MKT.
In order to investigate the MKT present in this undergraduate differ-
ential geometry course, we present a thorough review of existing research
on MKT in the classroom in Chapter 2. We start by presenting the histor-
ical and theoretical origins of pedagogical content knowledge and how it
has been developed into the framework of MKT used today. We then more
closely examine this framework, with a particular emphasis on how it is
understood and applied by researchers. Numerous examples from recent
research allow us to more completely define each subcomponent of MKT.
In Chapter 3, we present our analysis of introductory differential geome-
try within the theoretical framework developed in Chapter 2. This analysis
is largely theoretical, but is also supported by examples from lessons on
regular curves and regular surfaces for a distance education-style course.
Finally, in Chapter 4 we comment on the pedagogical and philosophical
implications of our findings for both teaching and further research.
Chapter 2
Theoretical Background:
Pedagogical Content
Knowledge and Mathematical
Knowledge for Teaching
2.1 Pedagogical Content Knowledge
Pedagogical content knowledge (PCK) was first proposed by Lee Shulman
in a 1985 Presidential Address at the annual meeting of the American Ed-
ucational Research Association, later published as a paper in Educational
Researcher in 1986. Pedagogical content knowledge as an idea caught on
like wildfire—according to Ball et al. (2008), Shulman’s two articles on the
subject (1986; 1987) have over 1200 citations in refereed journals including
at least 50 per year between 1990 and 2008 in many different subject ar-
eas, and in recent years has been the backbone of a theoretical framework
for research into what teachers know. Shulman’s original address, how-
ever, was a response to, and commentary on, the educational reforms of
the 1980s. According to Shulman, although many states required examina-
tions for teacher licensure, the content exams were little more than “tests
of basic abilities to read, write, spell, calculate, and solve arithmetic prob-
lems. . . in most states, however, the evaluation of teachers emphasize[d] the
assessment of capacity to teach” (Shulman, 1986: p. 5). Although it semeed
standard in the 1980s, this lack of content examination was not always the
case. Shulman explains that, in 1875, elementary teachers were required to
take an examination covering 20 different topics, and the “Theory and Prac-
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tice of Teaching” (that is, pedagogy) accounted for only 50 of the possible
1000 points (Shulman, 1986: p. 4-5). However, the focus on pedagogy in the
1980s was not constrained to teacher assessment policy, but extended to the
research community as well. In reality, the research community’s focus on
pedagogy was likely the cause of the policymakers’ decisions, as the most
recent research, on which policymakers based their standards, was focused
entirely on pedagogy.
Shulman’s goals were to even out this imbalance by generating a re-
newed emphasis in the research community on teacher knowledge of the
subject matter they teach. Shulman and his colleagues in the “Knowledge
Growth in Teaching” research program studied young secondary teachers
in English, biology, mathematics, and social studies as they developed as
teachers, aiming to “trace their intellectual biography—that set of under-
standings, conceptions, and orientations that constitutes the source of their
comprehension of the subjects they teach” (Shulman, 1986: p. 8). Instead
of applying standardized tests to measure this knowledge, however, Shul-
man took novel approach guided by the following revolutionary questions
(Shulman, 1986):
• What are the sources of teacher knowledge?
• What does a teacher know and when did he or she come to know it?
• How do teachers decide what to teach, how to represent it, how to
question students about it and how to deal with problems of misun-
derstanding?
• In the face of poor resources (e.g., a confusing textbook), how does
the teacher employ content expertise to generate new explanations,
representations, or clarifications?
• How does the teacher prepare to teach something never previously
learned (or learned long ago)? How does learning for teaching occur?
• How do teachers take a piece of text and transform their understand-
ing of it into instruction that their students can comprehend?
Although his research was ongoing at the time of publication, Shulman
suggested three categories of content knowledge: subject matter content
knowledge, curricular content knowledge, and pedagogical content knowl-
edge. Of these three, pedagogical content knowledge has spurred the most
interesting research in teaching, and, as the basis for mathematical knowl-
edge for teaching, it is most relevant to the work in this thesis. As with
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any soft science, these categories are not entirely well-defined, and there
may be overlap between them. Nevertheless, we feel that it is important to
delineate all of these categories in order to make as clear as possible what
pedagogical content knowledge does and does not encompass.
According to Shulman, subject matter content knowledge “refers to the
amount and organization of knowledge per se in the mind of the teacher.”
However, the teacher needs to know more about the subject matter than the
content itself. To teach well, one must know “the variety of ways in which
the basic concepts and principles of the discipline are incorporated to in-
corporate its facts,” and “must be able to explain why a particular proposi-
tion is deemed warranted, why it is worth knowing, how it relates to other
propositions, both within the discipline and without, both in theory and in
practice” (Shulman, 1986: p. 9). That is, in order to teach a subject, one must
understand it on a much deeper level than is needed simply to use it. One
must understand the strength of, the reasoning behind, and the relative im-
portance of common principles that the professional appeals to daily with-
out reflection. Although this may not be surprising today (Einstein, for ex-
ample, is frequently credited as saying that “you do not really understand
something unless you can explain it to your grandmother”), Shulman takes
great pains to establish this in his philosophical and historically-based con-
ceptualization of teachers as “masters” or “doctors.” Importantly, though,
subject matter content knowledge is knowledge of the subject itself. In this
regard, it is the most purely academic of Shulman’s categories.
By contrast, curricular content knowledge is the category of content knowl-
edge most situated in practice. Shulman describes the curriculum as
the full range of programs designed for the teaching of partic-
ular subjects and topics at a given level, the variety of instruc-
tional materials available in relation to those programs, and the
set of characteristics that serve as both the indications and con-
traindications for the use of particular curriculum or program
materials in particular circumstances. (Shulman, 1986: p. 10)
In this regard, curricular content knowledge is primarily a knowledge of
the large scale tools that can be used to teach content. These might be
established syllabi and texts, both mainstream and alternative, films, or
classroom demonstrations. However, the curriculum is not limited solely
to the content in one particular course. Shulman also specifies two addi-
tional aspects of curricular content knowledge, lateral curriculum knowledge
and vertical curriculum knowledge. Lateral curriculum knowledge refers to
knowledge of other classes the student is currently taking, while vertical
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curriculum knowledge refers to knowledge of past and future classes in the
same subject area. In both cases, this knowledge allows a teacher to build
connections between concepts and prepare students for future studies.
The last and, for the purposes of this thesis, most important category of
knowledge proposed by Shulman is pedagogical content knowledge. Shulman
explains pedagogical content knowledge (PCK) as going “beyond knowl-
edge of subject matter per se to the dimension of subject matter for teach-
ing. . . the particular form of content knowledge that embodies the aspects
of content most germane to its teachability” (Shulman, 1986: p. 9, emphasis
in original). This, according to Shulman, includes “the most useful forms
of representation. . . in a word, the ways of representing and formulating
the subject that make it comprehensible to others” as well as “an under-
standing of what makes the learning of specific topics easy or difficult: the
conceptions and preconceptions that students of different ages and back-
grounds bring with them to the learning” (Shulman, 1986: p. 9). Shulman
suggests that, especially for common topics, a teacher’s pedagogical con-
tent knowledge would include “the most powerful analogies, illustrations,
examples, explanations, and demonstrations,” but acknowledges that none
of these will ever be all-powerful or ubiquitous, and reasons that teach-
ers must therefore “have at hand a veritable armamentarium of alternative
forms of representation” which arise both from research and from “the wis-
dom of practice” (Shulman, 1986: p. 9). He also recognizes that students
come to any lesson with a priori knowledge, and that a teacher must know
how to use these ideas to shape a lesson. Shulman’s conception of ped-
agogical content knowledge, therefore, is based as much in practice and
understanding of student learning as it is in research and understanding of
teaching methods.
2.2 Mathematical Knowledge for Teaching
Shulman’s work fundamentally changed how many researchers thought
about teaching. As noted above, Shulman’s two papers have been cited
over 1200 times since their publication; he effectively established a new
paradigm of educational theory. However, the working definitions of ped-
agogical content knowledge in research that built on Shulman’s were as
broad and unclear as his original explanation until it was refined and op-
erationalized by Ball et al. (2008). Specifically, Ball et al. note that, prior
to their work, most working definitions of PCK were “broad enough to
include nearly any package of teacher knowledge and beliefs” (Ball et al.,
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2008: p. 394) and had insufficient empirical backing; the resulting work
therefore was entirely hypothetical and could not be used effectively to
guide policy or teacher preparation (Ball et al., 2008: p. 390).
In what is now a cornerstone paper, Ball et al. (2008) begin to address
this problem by examining “what teaching itself demands” (p. 390). This
emphasis on actual teaching, as opposed to curriuculum, is a direct re-
sponse to the issues identified above. Curriculum is based on existing ideas
about the relative importance of pedagogy and content knowledge, and
is therefore guided by the same untested hypotheses, developed through
“logical and ad hoc arguments about the content believed to be necessary
for teachers” (Ball et al., 2008: p. 390), which these researchers were investi-
gating. It is fundamentally normative, rather than empirical. Instead, they
looked at what actually goes on in classroom lessons, guided by the ques-
tion “What do teachers need to know and be able to do in order to teach
effectively?” They explain,
This places the emphasis on the use of knowledge in and for
teaching rather than on teachers themselves. . . In other words,
although we examine particular teachers and students at given
moments in time, our focus is on what this actual instruction
suggests for a detailed job description (Ball et al., 2008).
Simply put, Ball et al. “lay the foundation for a practice-based theory of
mathematical knowledge for teaching” (p. 395).
The empirical research on which Ball et al. built their theory was con-
ducted in two phases. In the first, they conducted “extensive qualitative
analyses of teaching practice” (p. 395). They examined collections of class-
room documentation, most notably a “large longitudinal National Science
Foundation-funded database, documenting an entire year of the mathe-
matics teaching in a third grade public school classroom during 1989-1990,”
which included video and audio recordings, transcripts, copies of individ-
ual student work and teacher notes, and curriculum materials. This work
did not focus solely on single classroom sessions but on the progression of
the teaching and learning through a full year. The researchers also drew
on “the wide range of experiences and disciplinary backgrounds of the the
members of [their] research group” and a “set of analytic tools. . . developed
for coordinating mathematical and pedagogical perspectives.” Unfortu-
nately, the article provides only an unpublished manuscript as reference
for these tools. In the second phase of their research, in coordination with
the Study of Instructional Improvement (www.sii.soe.umich.edu), Ball et al.
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“began to develop and validate survey measures of mathematical knowl-
edge for teaching” (p. 396). The most important result of this work was
the confirmation of their belief that MKT is “multidimensional. That is,
general mathematical ability does not fully account for the knowledge and
skills entailed in teaching mathematics” (Ball et al., 2008).
Mathematical knowledge for teaching, in Ball et al.’s formulation, is in
fact incredibly complex. In order to illustrate it, they present as an example
the analysis of student work, including errors, on subtraction of three-digit
numbers. They show a number of different errors, with the minimal anno-
tation that one would expect on student work, and explain how a teacher
must recognize wrong answers, recognize common procedural errors, rec-
ognize and process unfamiliar processes, and speak fluently to each one’s
validity, all in real time in front of a room of students. In their words,
Teachers must know rationales for procedures, meanings for
terms, explanations for concepts. Teachers need effective ways
of representing the meaning of the subtraction algorithm—not
just to confirm the answer but to show what the steps of the
procedure mean and why they make sense. . . Teaching also in-
volves considering what numbers are strategic to use in an ex-
ample. The numbers 307 and 168 may not be ideal choices to
make visible the conceptual structure of the [subtraction] algo-
rithm. Should the numerical examples require two regroupings,
as in this case, or should examples be sequenced from ones re-
quiring no regrouping to ones that require several? What about
the role of zeros at different points in the procedure? Should
the example include zeros—or perhaps not at first? (Ball et al.,
2008: p. 398).
Although these types of thoughts do not usually come to mind when
one thinks about subtraction (and especially not every time one subtracts!),
they are each vitally important to consider when teaching beginning math-
ematicians the subtraction algorithm. To more effectively categorize the
types of thinking and knowledge that constitute MKT, Ball et al. intro-
duce several subdomains, shown in Figure 2.1, which lie on a continuum
from subject matter knowledge to pedagogical content knowledge. Com-
mon content knowledge (CCK) refers to a knowledge of the subject matter
that is used in many settings; in the subtraction example given above, com-
mon content knowledge would refer to simply knowing how to subtract.
We hope that the importance of this type of knowledge is self-evident, so
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Figure 2.1 Graphical summary of Ball et al. (2008)’s subdomains of MKT, taken
from that paper (p. 403).
we do not go into more detail here. We also note that two of the cate-
gories, horizon content knowledge and knowledge of content and curriculum, are
included as separate categories only provisionally. Horizon content knowl-
edge is “an awareness of how mathematical topics are related over the span
of mathematics included in the curriculum” (Ball et al., 2008: p. 403), which
we might expect to come naturally with common content knowledge of
later topics, while knowledge of content and curriculum is simply a re-
naming of Shulman’s curricular content knowledge. Ball et al. remark that
both of these categories “may run across several categories or be a category
in [their] own right,” and express their “hope to explore these ideas. . . as
[they] are used in teacher education or in the development of curriculum
materials for use in professional development” (Ball et al., 2008: p. 403).
The other three categories, specialized content knowledge, knowledge of content
and students, and knowledge of content and teaching, however, are much more
clearly defined, and will play important roles in our analysis.
Specialized content knowledge (SCK), which refers to “mathematical
knowledge and skill unique to teaching” (p. 400) is perhaps the most in-
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teresting result from Ball et al.. They found that, in the process of teach-
ing, teachers must access mathematical knowledge in a “decompressed”
form in order to accomplish tasks specific to teaching, such as respond-
ing to students’ “why” questions, linking representations to each other and
to underlying mathematical concepts, or using mathematical notation and
language and critiquing its use. While the goal of teaching is to enable stu-
dents to use mathematical constructs comfortably and apply mathematical
strategies confidently without worrying overtly about why they work, the
teacher must worry about such things so that they can “mak[e] features of
particular content visible to and learnable by students” (Ball et al., 2008).
For example, while “engineers have to mathematically model properties
of materials,” they need not “explain why, when you multiply by 10, you
‘add a zero’ ” or “identify and distinguish the complete range of different
situations modeled by 38÷ 4” (Ball et al., 2008: p. 401). This type of knowl-
edge in fact resembles that used by mathematicians engaged in research in
pure mathematics. In both cases, one is concerned with finding appropri-
ate definitions for abstract concepts, and must frequently contort their own
mental representations in order to accomplish their goal. While unpacked
and prompted by tasks required of teachers, SCK is still distinctly knowl-
edge of the subject matter, and therefore is positioned under subject matter
knowledge, but closer to pedagogical content knowledge.
Knowledge of content and students (KCS), on the other hand, lies on
the subject-matter-knowledge end of pedagogical content knowledge. This
type of knowledge, as the name suggests, relates to an understanding of
students and how they will interact with the content. For example, a good
teacher will try to anticipate which sections of a lesson will be easy for the
class to understand, and why they might struggle with another, and will
try to choose an example that will interest students (Ball et al., 2008: p. 401).
However, this type of knowledge is also used when listening to students or
reading their work. Teachers must be able to process student ideas, even
when expressed in unexpected or incorrect forms, and analyze them for
understanding or lack thereof; they must be able to recognize mathematical
ideas even in very lax contexts. Ball et al. (2008) illustrate the difference
between CCK, SCK, and KCS:
Recognizing a wrong answer is common content knowledge
(CCK), whereas sizing up the nature of an error, especially an
unfamiliar error, typically requires nimbleness in thinking about
numbers, attention to patterns, and flexible thinking about mean-
ing in ways that are distinctive of specialized content knowl-
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edge (SCK). In contrast, familiarity with common errors and de-
ciding which of several errors students are most likely to make
are examples of knowledge of content and students (KCS) (p. 401).
The last subdomain identified by Ball et al. is knowledge of content
and teaching (KCT), an applied knowledge of pedagogical principles to the
content material. It is the knowledge required for sequencing topics for in-
struction, evaluating multiple representations for presentation, and under-
standing the benefits of presenting one, some, or all of them. For example,
a teacher needs to know the relative merits of using coins, counting beans,
and base-ten blocks for teaching addition and subtraction, and be able to
use each in different situations for specific pedagogical purposes. More
generally, “each model. . . requires different care in use in order to make the
mathematical issues salient and useable by students. . . Knowing how these
differences matter for the development of the topic is part of [KCT]” (Ball
et al., 2008: p. 402).
These domains of mathematical knowledge for teaching are, of course,
not precisely delineated; Ball et al. acknowledge that “it is not always easy
to discern where one of our categories divides from the next, and this af-
fects the precision (or lack thereof) of our definitions” (p. 402). Any given
task could quite easily require knowledge from many or all of these do-
mains. The importance of Ball et al.’s work resides not in clearly drawing
the boundaries between them, but rather in establishing their existence. For
establishing useful boundaries, we turn to examples from research that has
built on this work.
2.3 Applying The Theory
To further clarify what is meant by each of SCK, KCS, and KCT, we consider
an example of recent research on the subject. We note, however, that these
and many other authors invent their own vocabulary based on that of Ball
et al., and so some liberties must be taken to pinpoint which dimension of
MKT was meant. As the study of mathematical knowledge for teaching is
relatively new, this is not altogether surprising.
2.3.1 Speer and Wagner (2009)
Speer and Wagner (2009) analyze how MKT (or the lack thereof) affects a
professor’s ability to effectively run a discussion-based introductory course
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in differential equations at the undergraduate level. They chose this con-
text because it allowed them to study “teachers whose mathematical con-
tent knowledge is very strong, thus allowing a clearer picture of what other
types of knowledge teachers at all levels may need in order to adopt new
teaching practices aligned with contemporary reform curricula” (p. 533-
4). Notably for this project, the course also used “Java applets designed
to guide students through discovery of the core concepts of a dynamical
systems approach to Differential Equations” (p. 538), allowing us to exam-
ine the effect of computer-based lessons on student learning, and therefore
the things that a teacher must consider in designing such a program. Their
analysis, like ours, stems largely from examinations of lessons after de-
livery and hypothetical extrapolations of how certain types of knowledge
might have changed the events. They present four episodes from this class,
organized into two case studies.
In the first case study, titled “When Students Contribute Good Ideas,”
Speer and Wagner consider episodes in which the professor reacts to math-
ematically productive ideas. In the first episode, students are discussing
whether, if the rate of change of a population is dependent only on the
population size and the population size is dependent on time, they can say
that the rate of change of the population is dependent on time (that is, if
dP/dt = f (P) and P = P(t), then is it true that dP/dt = g(t)?). The au-
thors assert that the professor’s CCK caused him to focus on the mention
of initial conditions, but “did not have the PCK to enable him to recognize
that the issues were relevant to the development of students’ understand-
ing” (p. 544). Although they do not explicitly specify what type of PCK
they are referring to, it can be inferred from their repeated references to
“students’ understanding” that this is KCS. We also note that the symbolic
unpacking of the discussion given above, as well as the ability to frame the
students’ problem as such, is a prime example of SCK.
The second episode in this case study, in which students are discussing
the difference between the differential equations dP/dt = P and dP/dt =
et, provides a second example of SCK. In this episode, a student makes a
comment that, although confused, reveals understanding of the material,
but the professor does not recognize it. Speer and Wagner note that “it is
SCK that supports the recognition of valuable student contributions with-
out having to do so much mathematical ‘work’ in the moment while so
many other issues are simultaneously demanding attention” (p. 548). They
then go on to assert that, had the professor been able to suggest P(t) = 2et
as a function to examine, the conversation might have been more produc-
tive; they identify this as the missing SCK.
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In the second case study, titled “When Students Pose Not-So-Good Ideas,”
Speer and Wagner consider episodes in which the professor cannot steer
unproductive conversations into productive discussions. In the first episode,
students examine first-order linear differential equations generated to sug-
gest an application of the product rule, but fail to see the connection. In
the second episode, in which the class is considering the same equations,
some students suggest the use of integration by parts rather than the chain
rule. They suggest that, in both episodes of this case study, the professor
“lacks the SCK to follow the students’ ideas and the PCK to envision how
their ideas, even though they were incorrect, could have been used pro-
ductively” (p. 550). We also note that, based on the transcripts, the exam-
ple equations did not effectively suggest an application of the chain rule.
Although the professor did write the equation in two forms to direct stu-
dents’ attention to particular aspects of the second (KCT), a better under-
standing of the students’ intuitions (KCS) or more explicit use of notation
(SCK) could have made this example effective.
2.3.2 Mathematical Knowledge for Teaching in Upper-Division
Math
As may be gathered from the example above, specifically unpacked exam-
ples of MKT are rare in the literature. In fact, we have found that many
researchers develop their own sub-framework based around that of Ball
et al.. For further examples, we refer the reader to Speer et al. (2010), Char-
alambous and Hill (2012), and McCrory et al. (2012). Not all of these are
as specifically tied to undergraduate mathematics as in Section 2.3.1; how-
ever, Speer et al. (2010) outline a breakdown and preliminary analysis of
teaching practices which take place at the college level and have been fruit-
fully analyzed at the elementary and secondary levels. Of particular note
for the purposes of this project are allocating time within lessons, selecting and
sequencing content within lessons, and motivating specific content (p. 108-9).
Speer et al. observe that, at the collegiate level in particular, “the tension
between rich content and limited instructional time forces teachers to make
hard choices about what to include and exclude (or put off until later) and
how long to spend on particular topics and activities,” and that there is a
rich literature on the selection of examples for college classes (p. 108). In
terms of motivation, too, they remark that undergraduate instructors have
the liberty of giving their motivating statement “a ‘meta’ character [so that]
it portrays and unifies a body of content from some perspective, rather than
presenting any new content” (p. 109).

Chapter 3
Mathematical Knowledge for
Teaching Differential
Geometry
In our study of Mathematical Knowledge for Teaching in upper-division
mathematics, we examined the teaching of an introductory course in dif-
ferential geometry. Differential geometry draws on many different areas
of mathematics, including linear algebra, analysis, topology, and differen-
tial equations. Since there is no graduate program in differential geome-
try in Claremont, only advanced undergraduate mathematics students and
physics students who wish to continue in the study of theoretical physics
take this course. Furthermore, a teacher of differential geometry must nec-
essarily have a grasp of the common content knowledge of these fields,
and must be able to integrate and leverage the different pedagogical con-
tent knowledges from several different fields to teach differential geometry
effectively. To explore how these knowledges interact in the teaching of dif-
ferential geometry, we examined two texts (Do Carmo, 1976; Guillemin and
Pollack, 2010) that present differential geometry at the level of an advanced
undergraduate or early graduate student. We also carefully examined the
slides prepared by Professor Weiqing Gu for her undergraduate “Introduc-
tion to Differential Geometry”course taught at Harvey Mudd College, and
tutored and graded for this class.
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3.1 Texts
Manfredo P. do Carmo’s Differential Geometry of Curves and Surfaces is the
text used in Prof. Gu’s differential geometry course. It approaches dif-
ferential geometry by explicating important concepts–namely, curves and
surfaces–in the geometry of R3, a familiar space which is straightforward
to visualize. Assuming that the reader has a basic understanding of the
fields mentioned above, Do Carmo (1976) builds geometrically important
definitions out of the fundamental ideas of derivatives, inner products, lin-
ear transformations, and homeomorphisms, and carefully illustrates how
each concept contributes to the given definitions.
Guillemin & Pollack’s Differential Topology, by contrast, begins with the
much more abstract idea of a diffeomorphic embedding ofRk inRn. Aban-
doning consistent visualizations, Guillemin and Pollack (2010) instead fo-
cus on motivations through a generalized view of manifolds by way of
Euclidean space.
Introduction to Differential Geometry is an upper-division elective math-
ematics course at Harvey Mudd College taught only by Professor Weiqing
Gu. It is designed to introduce students to the fundamental topics studied
and methods used by differential geometers. Having Multivariable Cal-
culus, Systems of Linear Differential Equations, and Intermediate Linear
Algebra as prerequisites, containing a great deal of upper-division math-
ematical knowledge, and being particularly applicable to physical prob-
lems, this course is intended for advanced students studying mathematics
or physics. Although the course focuses primarily on the study of curves
and surfaces in R3, it presents the material so that students can generalize
the concepts to begin to understand abstract manifolds which may not be
emedded in Euclidean spaceRn. However, because of the highly advanced
nature of the material of this course , Professor Gu also aims to prepare the
students of this class for graduate studies in mathemtics, in which concepts
are presented with minimal review in class and students are expected to
fill in any gaps in their knowledge or understanding through individual
research. Graduate students are also expected to attend professional sym-
posia and lectures on advanced mathematics. In addition to this, the class
is bound by the normal time constraints inherent in a school year, and, as a
result, the material in this class is presented with minimal scaffolding. This
has a dramatic effect on the relative importances of each domain of MKT:
in this pedagogical context, specialized content knowledge is minimized,
while knowledge of content and students becomes especially important.
Professor Gu’s lecture slides, as we would expect, closely follow Do Carmo
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(1976)’s approach by focusing on definitions, theorems, and examples in
R3. However, they make consistent references to the larger philosophy of
differential geometry by discussing how each concept may be modified to
apply both to surfaces in higher dimensions and to manifolds that are in-
dependent of Euclidean spaces.
3.2 Methods
When studying any aspect of teaching, and especially when studying teach-
er knowledge, we would ideally like to be able to observe teachers and
students both in classes and during activities outside of classes that re-
late to the course, such as the preparation of lessons, the generation of ex-
ams, or the completion of homework. We would also like to evaluate the
students’ learning as a way of judging the teacher’s effectiveness. How-
ever, due to external constraints, such measurements were not feasible for
this project. Instead, we relied on a number of indirect measurements to
examine teacher knowledge, including taking notes during tutoring ses-
sions of student issues, conducting a number of private conversations with
Prof. Gu about her own teacher knowledge, and creating our own lessons
for a course in a distance-learning format.
Due to the time and space constraints of this thesis, we decided, based
on our preliminary investigations and prior knowledge of differential ge-
ometry, to focus our efforts on two particular subtopics: the local properties
of smooth curves and basic properties of 2-dimensional manifolds in R3.
These topics correspond very nicely to the first two chapters of Do Carmo
(1976) as well as to Lectures 2 and 5 of Prof. Gu’s slides. These subtopics ap-
pear early in each of the texts and are fundamental, either by direct applica-
tion or by generalization, to the further study of arbitrary manifolds. These
concepts would likely be covered in any introductory course in differen-
tial geometry, and provide for rich dynamic visualizations. While they are
introductory, they also are rife with subtleties and important connections
which make up a significant portion of MKT.
Working both from notes from tutoring sessions and our own close
readings of these texts, we generated an extensive list of questions that stu-
dents had or might be expected to have with the material. This list is not
exhaustive, but instead attempts to capture a representative range of topics
which might cause confusion or spark interest in a student, ranging from
questions about basic concepts, definitions, and mechanics to advanced in-
sights that foreshadow future topics or relate to other fields of mathemat-
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ics. We then asked Prof. Gu to respond to these questions as she would if
a student were asking them in class, or to note that such a question likely
would not arise in class. This process revealed both the specialized content
knowledge and knowledge of content and students necessary for answer-
ing student questions in the classroom setting, which we otherwise would
not have been able to measure, and helped us to evaluate more thoroughly
the extent and types of student knowledge that a teacher of differential ge-
ometry assumes.
Finally, drawing on the MKT already identified, we generated lessons
for each of the subtopics identified above, as well as a handful of supple-
mental materials, in Wolfram’s Computable Document Format (CDF). This
format combines elements of plain text formatting and evalutable cells of
Mathematica code. Additionally, CDFs can be embedded in web pages and
viewed using Wolfram’s CDF Player, which is available for free. The gener-
ation of these lessons allowed us the opportunity to explore the knowledge
of content and teaching that goes into creating an upper-division mathe-
matics course, as well as that which is specific to distance-learning formats.
It also helped us to further identify the SCK necessary for these contexts.
3.3 Mathematica-Based Lessons
In the creation of our own lessons on differential geometry for mass distri-
bution, we follewed approximately the lesson plan of Prof. Gu’s lectures,
which correspond approximately to Do Carmo’s development of the same
ideas. This choice was based on practicality: the advantage of our course
lies in Mathematica’s ability to produce interactive graphics that help stu-
dents visualize the geometry, and Guillemin and Pollack consider mani-
folds of arbitrary dimension, while Do Carmo begins with an extensive
study of R3. We also chose to follow Prof. Gu’s sequencing of subtopics
after we determined that other sequences did not allow for appropriate in-
troduction of terminology. In our first lesson, we introduced parametrized
curves and added conditions until we could derive the Frenet Frame and
introduce the Fundamental Theorem of the Local Theory of Curves. This
lesson is supplemented by a mini-lesson on the differences between geo-
metric and algebraic views of space and vectors. In our second lesson, we
introduced the definition of “regular surface” given below and provided a
thorough explanation of the conditions involved in that definition.
However, the main innovation in the development of these lessons was
not the sequencing, but the dynamic, interactive examples provided through-
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out. Due to the nature of CDFs, we were restricted to Dynamic code; that
is, code that allows interaction from the user. We relied heavily on Math-
ematica’s Animate[] and Manipulate[] functions, but later in the process
experimented with new features in Mathematica 9, including Locator ob-
jects and TabView[] windows. While there were several technical hiccups
in the development of these applications, we found on the whole that the
Mathematica environment is very well suited to pedagogical uses. We hesi-
tate to label a knowledge of Mathematica functions and syntax as pedagog-
ical content knowledge, as it is used in many situations beyond education,
but we strongly recommend that teachers interested in dynamic examples,
distance learning, or inverted classrooms make use of Mathematica’s ca-
pabilities. All lessons described here are available at http://math.hmc.edu/
seniorthesis/archives/2013/npinsky/lessons.
3.3.1 Curves
Before introducing any specific content, we provided the reader with a brief
outline of the lesson to help motivate and guide the lesson. We explained
that we would first define what we meant by a “curve” and then impose
successive conditions on this definition until we could construct a moving
frame of reference, called the Frenet Frame, on the curve. We would then
use the Frenet Frame to state the Fundamental Theorem of the Local Theory
of Curves.
Parametrized Curves
Our first examples, consisting of the manipulable images shown in Fig-
ures 3.1 and 3.2 along with written explanations, were used to illustrate to
the reader what a differentiable parametrized curve would and would not
look like, and to provide a model of how they should be visualized. Fig-
ure 3.1a shows a plane curve that is not differentiable at one point, Figure
3.1b shows a plane curve that is differentiable everywhere but contains a
self-intersection, and Figure 3.2 shows a curve in R3 that is differentiable
everywhere and does not contain self-intersections (in fact, the curve in Fig-
ure 3.2 is parametrized by arc length, and we return to this example later
in the lesson). Each of these examples contain sliders that move a point
along a trace, helping the reader to think of the curve as the function by
visually identifying a point in the domain (the slider) with a point in the
range (marked by a small disk). Taken together, these examples illustrate a
range of ways in which a function may fulfill or fail to fulfill the definition
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a. A parametrized curve that is not differ-
entiable at one point.
b. A parametrized curve that is differen-
tiable everywhere.
Figure 3.1 Interactive illustrations of parametrized curves in the plane, which
highlight differentiability and allow the reader to traverse each curve’s trace.
of a differentiable parametrized curve.
To emphasize the fact that we define a curve to be a function and not the
trace of a function, we provide the manipulable shown in Figure 3.3, which
allows the reader to watch as two different curves α and β trace out the unit
circle at different rates. Both curves are functions of the same parameter t,
which allowed us to attach both to the same slider. Thus, the reader can
see that the same point in the domain corresponds to different points in
the range under the two different curves, further helping distinguish the
functions from their traces.
To introduce the concept of a regular curve, i.e., a curve with a nonva-
nishing first derivative, we provide two examples of non-regular curves in
Figure 3.4. Figure 3.4a gives a curve which is differentiable everywhere–it
is given by t 7→ (t3, t2)–but has a cusp and a singular point at t = 0. The
plot shows both a point, representing the function itself, and a vector based
at that point, representing the first derivative of the function. The reader
can watch as the vector shrinks to 0 as the point approaches the origin from
either direction. However, so that the reader does not mistakenly believe
that singular points occur only at cusps or corners, we include an example
of a curve which has a straight line as its trace but has a singular point (Fig-
ure 3.4b). The limitation of this example, though, is that it does not help
illustrate why singular points may prevent parametrization by arc length.
This concept could be more effectively illustrated by a curve that doubles
back on itself; this was not implemented due to time constraints.
Regularity is important in the context of differential geometry because
it allows us to reparametrize by arc length. To help explain this process,
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Figure 3.2 Interactive illustration of a parametrized curve in R3, with a semi-
transparent cylinder to help orient the reader.
Figure 3.3 An interactive illustration of the fact that different curves may have
the same trace.
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a. A curve that is differentiable, despite
its trace having a cusp. At the cusp,
the curve has a vanishing derivative,
and is therefore not regular. b. A pathological case in which a line is
parametrized so that it is not regular.
The derivative vanishes at the origin.
Figure 3.4 Interactive examples of curves that are not regular, helping the
reader to visualize such curves
Figure 3.5 illustrates the computation of the arc length of a curve. Using
the slider, the reader can trace out the curve as in previous example, but
this example highlights the portion of the curve that has been traced using
a thick red line. Above the graphic, a dynamically updated display shows
the arc length, computed numerically, of the red line. As the curve has
nonconstant speed, the reader can see that the arc length depends only on
the trace of the curve and not on the parameter.
The Frenet Formulae
Parametrization by arc length, toward which the examples in the previ-
ous section built, plays a fundamental role in the differential geometry of
curves, as it ensures the orthogonality of the first and second derivatives
of a curve. This is illustrated by the manipulable shown in Figure 3.6a,
which shows the two curves from Figure 3.3 along with their first and sec-
ond derivatives. In this instance, however, the curves have different sliders
to emphasize that they are parametrized differently and to allow the reader
to compare the first and second derivatives at the same point in the trace.
The orthogonality exhibited in Figure 3.6a is then used construct the Frenet
Frame, which is illustrated in Figure 3.6b. In this example, we include a
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Figure 3.5 A manipulable that allows the reader to watch how arc length is
computed as the trace of a curve is traversed.
bounding box to help the reader orient themself, and draw the tangent,
normal, and binormal vectors in different colors to help the reader track
them. It is important to note here that the normal vector (shown in blue)
is not the second derivative of the function, but rather a unit vector in that
direction. Since the second derivative of the red curve in Figure 3.6a is
already a unit vector, we were concerned that readers might make this mis-
take, and took care to emphasize the distinction in writing and to illustrate
it with Figure 3.7a.
Curvature and torsion are central to the establishment of the Funda-
mental Theorem of the Local Theory of Curves. To help the reader envision
them, we included the two examples shown in Figure 3.7. In order to illus-
trate curvature, we selected the plane curve shown in Figure 3.7a, which
displays the trace of the curve, the tangent, normal, and second derivative
vectors, and the osculating circle. We chose to use a plane curve to help the
reader focus on the curvature and osculating circle without being distracted
or disoriented by three-dimensional behavior. As the curve spirals in to the
origin, the reader can focus on how the osculating circle approximates the
curve and how its radius is related to the length of the second derivative
vector (shown in red). Plane curves also allow us to draw the Frenet Frame
without parametrization by arc length, as we may simple apply a rotation
to the tangent vector to obtain the normal vector. Because reparametriza-
tion by arc length is computationally intensive, this significantly broadened
our choice of curves for this example.
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a. An example illustrating the benefits of
parametrization by arc length.
b. An example illustrating the Frenet
Frame on a helix.
Figure 3.6 Two examples illustrating how parametrization by arc length allows
us to establish an orthonormal basis for a neighborhood of a point on the curve.
On the other hand, we were forced to use a space curve to illustrate
torsion because plane curves have zero torsion, and were therefore forced
to search for a curve that was either already parametrized by arc length,
or easily reparametrizable, so that we could draw the Frenet Frame on the
curve. The result is shown in Figure 3.7b, which allows the reader to tra-
verse the curve while simultaneously observing the behavior of the binor-
mal vector’s derivative and of the torsion function. Furthermore, the reader
is able to rotate the 3D plot to more carefully examine how the curve itself
“pulls away” from the osculating plane (also shown), and how the binor-
mal vector moves as this occurs.
The Fundamental Theorem of the Local Theory of Curves
Finally, to illustrate the Fundamental Theorem of the Local Theory of Curves,
which is the culmination of our lesson on curves, Figure 3.8 shows two
curves which differ by a rigid motion. As with previous curves, we include
one slider to allow the reader to traverse the curves with the Frenet Frame.
To emphasize that these curves really do differ only by a rigid motion, the
same parameter is used for both. A second slider is also provided to allow
the reader to apply a rigid motion to one of the curves, bringing it to align
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a. The curvature of a curve and its rela-
tionship to the radius of the osculating
circle.
b. Torsion and its relationship to the 3D
behavior of a curve.
Figure 3.7 Interactive examples illustrating curvature and torsion in curves.
with the other. We had hoped to include plots of the curvature and tor-
sion for these curves to further emphasize that they are the same, but this
proved too computationally intensive.
Views of Space
As a supplement to our lesson on regular curves, we created a mini-lesson
on how differential geometers view vectors. The mini-lesson presented
both the algebraic perspective, in which vectors are based at a pre-established
origin and expressed in terms of coordinates, and the geometric perspec-
tive, in which vectors have no inherent base point, but one may be chosen to
establish a coordinate system. We also explained how these two perspec-
tives are reconciled by differential geometers by considering the parallel
transport of a vector to be based at the origin. Figure 3.9 shows the interac-
tive examples in this mini-lesson. Figure 3.9a allows the reader to uniquely
determine a vector in R3 by manipulating the coordinates, while Figure
3.9b lets the reader drag the base point and vectors around the plane, and
draws the resulting coordinate system. Figure 3.9c reconciles these per-
spectives by visually redrawing the reader’s vector so that it is based at the
origin.
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Figure 3.8 Interactive example allowing the reader to move one curve "on top
of" the other via a rigid motion. The two curves have the same curvature and
torsion, and therefore align after the rigid motion.
3.3.2 Surfaces
Our lesson on regular surfaces began by motivating the study of such sur-
faces via a discussion of state spaces for physical systems. We then pro-
vided Do Carmo (1976)’s definition for a “regular surface” and a detailed
explanation of each of the three conditions involved.
Since we expect most students entering differential differential geom-
etry not to be familiar with homeomorphisms, we provide several visual
illustrations of this concept, shown in Figure 3.10. These examples, pre-
sented in tabs in a single window, attempt to provide the student with a
mental storehouse of sets in R3 that either are homeomorphic to the plane
or fail to be homeomorphic in very specific ways. For this reason, we in-
clude sets that are homeomorphic, but not diffeomorphic to the plane, sets
for which a function from the plane could not be continuous, and sets for
which a function into the plane could not be continuous.
We also expect that most students will be unfamiliar with the differen-
tial of a map, and therefore explain it and its relationship to the definition
of a regular surface extensively. First, we provide the example shown in
Figure 3.11a, which allows the reader to move a vector around the domain
of a parametrization and to observe how the differential maps this vector
to R3. In this example, the use of Locator objects is especially valuable, as
it permits the manipulation of a point in R2 without a separate slider for
each coordinate. Figure 3.11b then provides a pathological example of a
parametrization which is not regular along a line, despite its image being
Mathematica-Based Lessons 29
a. Interactive example of
the algebraic perspec-
tive of vectors, allow-
ing the reader to manip-
ulate the three compo-
nents individually.
b. Interactive example of
the geometric perspec-
tive of vectors, allowing
the reader to move the
origin and basis vectors
independently.
c. Interactive example of
how we reconcile the
algebraic and geomet-
ric perspectives of vec-
tors, illustrating the par-
allel transport of a vector
to the origin.
Figure 3.9 Interactive examples of the various views of vectors in Euclidean
space.
Figure 3.10 A set of examples illustrating the concept of homeomorphic sets,
and the various ways in which a set can fail to be homeomorphic to a plane.
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a. Allows the reader to manipulate a vec-
tor in the domain of a function and ob-
serve where it is mapped to.
b. An illustration of a pathological case
in which a parametrization is not reg-
ular at all points, despite the surface
having a well-defined tangent plane at
those points.
Figure 3.11 Interactive examples illustrating the behavior of the differential of
a parametrization.
a regular surface and having a well defined tangent plane at all points of
this line. By showing the tangent plane shrinking to a single dimension as
we approach this line, we emphasize to the reader how the differential of a
map lets us discuss symbolically the tangent plane.
We would like to reemphasize that the techniques used in the gener-
ation of our lessons are not knowledge used exclusively for teaching, but
rather techniques from other fields that are particularly relevant for our
use.
3.4 Results
In our exploration, we relied heavily on the specific tasks identified by Ball
et al. (2008) as aligned with each subdomain of MKT. Unsurprisingly, we
found that many of these tasks are present in the teaching of differential
geometry. For example, an instructor must sequence topics for instruction,
select pedagogically useful examples, and respond to student questions as
much as or more than a grade school teacher. Nevertheless, there are sev-
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eral differences in the types of SCK, KCS, and KCT that an instructor of
differential geometry must have and use in the act of teaching. These differ-
ences arise from the vastly different structure of a college class as compared
to a class in grade school, and the differences in student-instructor relation-
ships and interactions. Most notably, differential geometry is an elective
course, meaning that students have a choice in whether they enroll in it,
and whether they drop it later. This also means that the instructor can set
prerequisites, guaranteeing that the students have certain knowledge. Ad-
ditionally, the student-instructor relationship in a college course puts most
of the responsibility for learning on the student. Both of these aspects, we
note, apply as much to a distance-learning course as to a traditional in-
classroom experience. Finally, the concepts taught in differential geometry
are, in general, more theoretical than methodological. As detailed below,
these factors greatly affect the mathematical knowledge for teaching differ-
ential geometry.
3.4.1 Specialized Content Knowledge
In the context of a class designed to encourage independent investigation
and processing of concepts, concepts are, in general, presented simply, as if
to a mature mathematician. As a result, much of the content knowledge
that goes into creating and teaching this course is purely common con-
tent knowledge, such as the knowledge of the important definitions and
theorem statements in differential geometry. However, as this is a course
for undergraduate students, specialized content knowledge cannot disap-
pear entirely. From the two topics studied in our investigation, we have
concluded that specialized content knowledge in differential geometry is,
in general, a decompressed form of common content knowledge. It takes
three general forms: understanding the need for each hypothesis in a defi-
nition or theorem, knowing how concepts in specific contexts generalize or
appear in other contexts, and knowledge for the development of pedagog-
ically strategic examples.
As in most mathematical fields, differential geometry relies very heav-
ily on precise definitions. In the two topics of our investigation, curves
and regular surfaces, the selection of the “right” definition is essential to
productive study of these mathematical objects. Although Guillemin and
Pollack do not deal with curves in great depth, Do Carmo devotes the en-
tire first chapter to them. In his presentation, Do Carmo defines curves as
functions, and defines a nested sequence of types of curves:
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1. A parametrized differentiable curve is a differentiable map α : I → R3 of
an open interval I = (a, b) of the real line R into R3.
2. We say that s ∈ I is a singular point of order 0 of a parametrized differ-
entiable curve α : I → R3 if α′(s) 6= 0. We say that α is regular if it has
no singular points of order 0.
3. A regular parametrized differentiable curve α : I → R3 is said to be
parametrized by arc length if ‖α′(t)‖ = 1 for all t ∈ I.
4. We say that s ∈ I is a singular point of order 1 if α′′(s) = 0. If α has no
singular points of order 1, we say that it is regular curve of order 1.
Properties of these curves are used to define the Frenet Frame, a moving
reference frame defined from the first and second derivatives of a curve,
and to state the Fundamental Theorem of the Local Theory of Curves. While
these definitions and theorems might be common knowledge to any differ-
ential geometer, a teacher of differential geometry must know explicitly,
for example, that the definition of a curve as a map excludes the possibil-
ity of identifying a curve with its trace, that regularity (of order 0) allows
the use of the Inverse Function Theorem to reparametrize the curve by arc
length, and that regularity of order 1 ensures that the Frenet Frame is well-
defined. A teacher must also know, however, that isolated singular points
or isolated points of non-differentiability do not prevent us from studying
these curves, as we can use piecewise parametrizations for all other points.
A further example of definition-related specialized content knowledge
arises from the study of regular surfaces inR3. Do Carmo defines a regular
surface as
a subset S ⊂ R3 [such that] for each p ∈ S, there exists a
neighborhood V ∈ R3 and a map x : U → V ∩ S of an open set
U ⊂ R2 onto V ∩ S ⊂ R3 such that
1. x is differentiable,
2. x is a homeomorphism, and
3. x is regular [i.e., the differential dxq is injective for each
q ∈ U].
Again, this definition might be common knowledge, at least in a very com-
pressed form, to a professional mathematician, but the purposes of each
part of the definition are specifically specialized content knowledge. In this
case, the teacher must know that this definition specifies a surface as a set
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covered by the images of maps, rather than as a single parametric function
as in the definition of a curve, because even simple surfaces, such as the
sphere, are not diffeomorphic, or even homeomorphic, to the plane. Spe-
cialized content knowledge also includes the knowledge that condition 1 in
the definition allows differential calculus and condition 2 allows the use of
analysis and topology in the study of the surface, while condition 3 allows
the use of linear algebra for the study of the tangent plane of the surface.
The second type of specialized content knowledge, knowledge of how
concepts generalize or appear in other contexts, also arises in the study of
these two topics. In particular, both curves and regular surfaces can be
viewed as types of manifolds, an understanding of which is one goal of
this course. However, a teacher must know that the definitions of curves
given above do not generalize to manifolds, but rather the definition of a
manifold may be narrowed so as to allow a study of curves. Instead, we
approach manifolds as we did regular surfaces, by covering them with the
images of parametrizations. Should a student ask why, then, we define
curves as we do, a teacher must be able to explain that this approach is
more helpful, as it affords the construction of the Frenet Frame, and that
parametrized curves are frequently used in the study of abstract manifolds.
The third type of specialized content knowledge, knowledge for the
development of pedagogically strategic examples, is the most related to
the other two domains of MKT discussed here. In this class, examples are
used for two primary purposes: the illustration of a particular definition
or theorem, and as a counterexample to dispel common student miscon-
ceptions. In the service of the first purpose, the understanding of the im-
portance of each part of a definition or theorem comes to bear, while in
the service of the second, knowledge of content and students and knowl-
edge of content and teaching are particularly relevant. However, we can
identify further knowledge that is necessary for the development of ped-
agogically useful examples. When teaching about curves, for example, a
teacher might want to explicitly reparametrize a curve by arc length. Al-
though any parametrized curve with nonvanishing first derivative can be
reparametrized by arc length, the details of these computations are fre-
quently extremely messy, and the arc length function may not have an in-
verse with a closed form. This specific example was particularly relevant
in the creation of our distance-learning lesson on curves, in which we fre-
quently needed curves parametrized by arc length in order to illustrate the
orthogonality of the first and second derivatives of such curves. We quickly
built up a storehouse of such curves for reuse in the lesson.
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3.4.2 Knowledge of Content and Students
In their discussion of Knowledge of Content and Students, Ball et al. sug-
gest that this domain of teacher knowledge includes the processing of stu-
dent ideas, familiarity with common errors, deciding which of several er-
rors students are most likely to make, predicting what students will find
interesting and motivating, and anticipating the level of difficulty students
will have with a given task. Of these, we discard the processing of student
ideas and the prediction of what students will find interesting and moti-
vating. We do not discard the former because it is not important in such a
class; to the contrary, this is one of the most imporant things a teacher does,
and what distinguishes a teacher from a textbook. We discard it simply
because, as noted above, we had no opportunities to observe in-classroom
interactions during the course of this project. We discard the prediction of
what students will find interesting and motivating because, whether we
are considering a traditional or distance-learning classroom, the course is
elective and high-level, and we assume that students in such a course are
already interested in the material and motivated to learn it. We will address
each of the remaining tasks in turn.
As in all classes, familiarity with common errors or misconceptions is
vital to effective teaching. In a college or online course setting, however,
a teacher does not have the same access to student work as an elementary
or secondary teacher does. Instead of grading regular homeworks them-
self, these teachers frequently have graders or crowd-source the grading
of homework to the members of the class, and exams in these settings are
far less frequent than in elementary or secondary school–instead of one
after every chapter in a textbook, for example, a college or online class in-
structor will likely schedule only a midterm exam and a final exam. A
teacher’s knowledge of common errors, therefore, is important primarily
during lectures or class discussions, when students raise questions. In or-
der to use class time most effectively, a teacher will likely elect to address
such misconceptions in class. In differential geometry, one common mis-
conception arises from the definition of a regular surface given above. Al-
though the definition specifies that “for each p ∈ S, there exists a neigh-
borhood V ∈ R3 and a [parametrization] x : U → V ∩ S” that satisfies
three conditions, students can misunderstand some or all of the definition
and believe that each parametrization must cover all of S, that every map
from U to V ∩ S must satisfy the three conditions, that neighborhoods V ∩ S
and W ∩ S belonging to different parametrizations must be disjoint, or any
number of other possible errors. As students are likely to ask questions
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about these types of misunderstandings in class, it is worth the teacher’s
time and effort, even in a class designed around independent learning, to
address these issues. For example, Prof. Gu’s class uses an example from
Do Carmo in which the sphere is covered with the graphs of functions of
the form x3(x1, x2) = ±
√
x21 + x
2
2, where x1, x2, x3 are the x, y, and z coor-
dinates in some order. Prof. Gu also makes a special point of the difference
between the definitions of a curve as a map and a surface as a set cov-
ered by maps in order to help students make the mental transition. In this
process, the teacher not only must have familiarity with common student
errors, but must also decide which ones students are likely to make in order
to address these in class.
More important, though, in the context of a class that emphasizes inde-
pendent student learning is the teacher’s ability to judge the difficulty level
of different tasks that students are expected to accomplish. This is clearly
an issue in teaching at any level, as all teachers assign exercises for students
to practice and assessments to gauge their learning. In this course, how-
ever, students are also expected to pursue gaps in the material presented in
the classroom, and so a teacher must take great care when gauging where
to leave these gaps, and where to fill them in with explanations. In the
lessons examined, this is most apparent in the explanation of condition 3
in the definition of a regular surface. Condition 3, which is stated as “x is
regular,” requires that the differential dx of a parametrization x be injective
at all points in its domain. Recognizing that the definition of the differ-
ential does not make immediately clear what injectivity would look like,
Do Carmo (1976) and Prof. Gu give the differential a more familiar form
by showing that the matrix of the differential with respect to the canonical
bases is the Jacobian. This then allows the observation that the differen-
tial is one-to-one if and only if the columns ∂x/∂u and ∂x/∂v are linearly
independent, or equivalently, if any of the Jacobian determinants
∂(x, y)
∂(u, v)
=
∣∣∣∣∣ ∂x∂u ∂x∂v∂y
∂u
∂z
∂v
∣∣∣∣∣ , ∂(x, z)∂(u, v) , ∂(y, z)∂(u, v)
are nonvanishing. While these pieces of knowledge may be considered spe-
cialized content knowledge, the knowledge that students would not likely
think to compute the matrix of the differential (in any basis) is very clearly
knowledge of content and students. Similarly, the knowledge of the rela-
tionships between these equivalent statements may be considered special-
ized content knowledge (or perhaps common content knowledge), but the
understanding that students can deduce these relationships for themselves
36 Mathematical Knowledge for Teaching Differential Geometry
solely from what is given allows the teacher to avoid further explanation,
and therefore is knowledge of content and students.
3.4.3 Knowledge of Content and Teaching
In the given pedagogical context, two aspects of Knowledge of Content and
Teaching suggested by Ball et al. are particularly notable. The first, knowl-
edge for sequencing topics for instruction, does not at first glance seem
as though it would be important: differential geometry has a very natu-
ral progression from one-dimensional curves to two-dimensional surfaces
to n-dimensional manifolds. However, there is considerable flexibility in
the order in which these concepts are presented, as well as in the subtopics
contained in each. The second, knowledge for the evaluation of multiple
representations, is less interesting than in elementary or secondary classes.
Given the mathematical maturity of students capable of taking differen-
tial geometry and the emphasis on independent learning in the class, it is
rarely advantageous to present only a select number of representations, as
it is frequently a worthwhile exercise for students to connect these repre-
sentations themselves. Nevertheless, there are a few scenarios in which a
teacher of differential geometry does need to weigh the merits of different
representations, which we discuss below.
The ultimate goal of this introduction to differential geometry is for stu-
dents to understand the fundamental concepts of and the methods used to
study abstract manifolds. There is, therefore, a sensible progression from
curves (one-dimensional manifolds which are also used to study higher di-
mensional manifolds) to regular surfaces (two-dimensional manifolds in
3-dimensional Euclidean space) to abstract manifolds of arbitrary dimen-
sion that may or may not be embeddable in Euclidean space. Do Carmo
focuses on the first two steps of this generalization, and Prof. Gu gener-
ally follows this outline, making regular mention of abstract manifolds,
especially Lie groups like SO(3), and alluding to how concepts from the
study of regular surfaces will generalize to such manifolds. Guillemin and
Pollack, however, approach differential geometry from the opposite angle,
beginning with the definition of a diffeomorphism and then moving to an
examination of manifolds in Rn. In either of these approaches, a teacher
must recognize that some concepts, such as diffeomorphisms and differ-
entials, are vital and must appear early in the presentation of the material.
Both approaches are viable, and a decision between them will necessarily
involve knowledge of content and students and a clear goal for the course.
Making this choice, though, will necessarily affect the content that may
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be covered in the course. For example, although Guillemin and Pollack’s
approach gives an immediate broad understanding of manifolds that may
be embedded in Rn and eventually allows them to discuss transversality
of manifolds, it may prevent students from holding a view of a manifold
without reference to an ambient space, as both Gu and Do Carmo do.
Decisions about the sequencing of topics can also take place within
lessons, as we found in the creation of our lesson on regular curves. When
we began work on this lesson, we saw an alternative to the arc used by
Do Carmo and Prof. Gu. Instead of presenting the most basic definitions
of curves and successively narrowing the definition to obtain useful prop-
erties, such as the orthogonality of the first and second derivatives or the
relationship between the length of the second derivative and the radius of
the osculating circle, eventually culminating in a statement of the Funda-
mental Theorem of the Local Theory of Curves, we considered beginning
our lesson with this theorem and then determining what would be neces-
sary to prove it. Ultimately, we found a compromise: we gave a general
overview of the goals of the lesson (defining curves, the Frenet Frame, and
the Fundamental Theorem) and referenced these goals as we followed the
lesson plan given by Do Carmo and Prof. Gu. Through this choice, we
hoped to effectively motivate the definitions we presented while still pro-
viding adequate scaffolding for student learning.
The second facet of Knowledge of Content and Teaching, knowledge for
the evaluation of multiple representations, arises in upper-division math-
ematics when there are multiple equivalent definitions for a concept, or
multiple equivalent statements of a condition. One such example is the
regularity condition (condition 3) in the definition of a regular surface. Al-
though it is initially given as “the differential dx is injective at all points in
the domain of x,” both Prof. Gu and Do Carmo derive the matrix of dx with
respect to the canonical bases and point out several conditions equivalent
to injectivity, as described above, but do not explain why these conditions
are equivalent. It is left to the student as an exercise to prove such equiva-
lence, or at least justify it to themselves.
Another example of this type of evaluation occurs when defining the
differential of a map just prior to the discussion of the regularity condi-
tion. In our sources, we found two equivalent definitions for the differ-
ential. Do Carmo and Prof. Gu, who deal specifically with subsets of R3
that are locally diffeomorphic to R2, define the differential in terms of the
derivatives of corresponding curves in the plane and in the surface, while
Guillemin and Pollack, who deal more generally with subsets ofRn that are
diffeomorphic to Rk, define the differential simply as a directional deriva-
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tive. As with sequencing, the ultimate valuation of these decisions depends
on the ultimate goal of the teacher. Prof. Gu aimed to intoduce her stu-
dents to manifolds like SO(3) that do not naturally live in Euclidean space,
and therefore needed a definition that could generalize to such manifolds.
Guillemin and Pollack, on the other hand aimed to focus primarily on man-
ifolds that could be embedded in Rn, and could therefore use a definition
that relied on Rn. In our lesson, we presented both definitions and noted
their equivalence, as we felt that Guillemin and Pollack’s definition is eas-
ier to visualize for a first-time student, while Do Carmo’s definition more
readily generalizes to abstract manifolds. As Prof. Gu and Do Carmo did
with the regularity condition, we left the details of this equivalence to the
student so that they might solidify their understanding on their own.
3.4.4 Knowledge of Content and Curriculum
Due to the elective nature of the class noted above, an instructor in an
upper-division mathematics course has greater control over incoming stu-
dent knowledge. In setting prerequisites, a college professor can specify
the content knowledge that students enter the class with, as well as prede-
termine the methods they know and the philosophical approach that has
guided their learning. In a private conversation with Prof. Gu in which we
discussed the list of questions we might expect a student to have, she made
frequent references to the prerequisite material for the course in providing
answers to questions or explanations of processes and principles. In fact,
the bulk of the questions discarded as unlikely to arise in a normal class
were explained to be part of the prerequisite material, understood tacitly
by both the students and professor. Of course, this is not to say that stu-
dents will enter a course with uniform comprehension of the prerequisite
material, or that they will remember perfectly or recognize immediately the
aspects of the prerequisite material most pertinent to differential geometry
(or any other course). However, the instructor, having set the prerequisite
knowledge, can draw on those principles that the students have already
learned or refer the students to theorems that may have slipped from their
memory. A vital piece of a college mathematics instructor’s knowledge,
therefore, is a knowledge of the specific curricula of prerequisite courses.
Chapter 4
Conclusion
In our analysis in the preceding chapter, we identified a number of items
of mathematical knowledge for teaching, classified by subdomain, that are
important for the teaching of differential geometry. In general, these items
are not qualitatively different from what we would expect based on extrap-
olation from the work of Ball et al.. Quantitatively, however, they differed
greatly, both in absolute number and relative importance. Specifically, spe-
cialized content knowledge seemed to be far less important that knowledge
of content and students, as all examples of the former dealt with particu-
lar topics within the class, while the latter focused on overall approach to
structuring and teaching the class. These differences seem to be due pri-
marily to the secondary pedagogical goal of Prof. Gu’s course (preparation
for graduate school studies) and the mathematical maturity of the students.
By focusing on preparation for graduate studies, a teacher necessarily will
cut out sections of instruction that would otherwise be included, so as to
force the students to research and make connections on their own. This is
related to a recognition of students’ ability to accomplish these tasks, es-
pecially making sense of new concepts and notations and relating them
to previously known ideas. Indeed, we believe that, were it reasonable to
teach differential geometry to elementary-level students, the mathematical
knowledge for teaching involved in this course would align both qualita-
tively and quantitatively with the mathematical knowledge for teaching a
subject like multiplication or simple algebra.
To understand more clearly the philosophical underpinnings of this
pedagogical goal, we recall Ball et al.’s explanation for the need for mathe-
matical knowledge for teaching:
Teaching involves the use of decompressed mathematical
knowledge that might be taught directly to students as they
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develop understanding. However, with students the goal is
to develop fluency with compressed mathematical knowledge.
In the end, learners should be able to use sophisticated math-
ematical ideas and procedures. Teachers, however, must hold
unpacked mathematical knowledge because teaching involves
making features of particular content visible to and learnable by
students. . . . Teachers [also] must be able to talk explicitly about
how mathematical language is used; how to choose, make, and
use mathematical representations effectively; and how to ex-
plain and justify one’s mathematical ideas. All of these are ex-
amples of ways in which teachers work with mathematics in its
decompressed or unpacked form (Ball et al., 2008: p. 400).
The “decompressed mathematical knowledge” that Ball et al. discuss is the
same knowledge that they classify as mathematical knowledge for teach-
ing, and arrange into the subdomains presented in Chapter 2. However, the
tasks they present are tasks that we would expect any professional mathe-
matician to be able to perform; in fact, these are tasks that mathematicians
are required to engage in as a part of their daily work. It is preposterous
to imagine, for example, a conference presentation in which the presenters
do not justify their mathematical ideas, use mathematical representations
effectively, or make clear the language they are using.
We suggest, therefore, that differences in MKT found in our differential
geometry course when compared to that of Ball et al. are more revealing
of the expectations placed on students than of aspects of the material that
alter how it is taught. In grade school, teachers have very little idea as to
what careers their students might enter. They therefore must teach the most
practical mathematics, which they may apply in whatever profession they
choose or which is generally accepted for basic mathematical literacy. In
college and beyond, however, students frequently have a profession or field
in mind, and the mathematics may be catered to their needs. If that field
lies in mathematics research, then they need a decompressed mathematical
knowledge in order to engage with colleagues. This in turn can change a
teacher’s role from instructor to veteran guide.
These ideas about pedagogical goals are not new to the field of educa-
tion. In a discussion of the failure of U.S. public schools, Labaree (1997) as-
serts that in any educational context, a teacher must make decisions about
what content to cover and what aspects of that content to emphasize. Since
the process of setting these goals “is resolved through a process of making
choices. . . [based on] values and interests,” it is fundamentally a political
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issue, not a pedagogical one (40). Labaree identifies three distinct philo-
sophical and political goals of public education in the United States: demo-
cratic equality, social efficiency, and social mobility. Democratic equality
refers to the effective training of citizens to participate in the democratic
process, social efficiency to the training of skilled but differentiated workers
to power the economy, and social mobility to the development of skills for
personal advancement in society. Although Labaree’s analysis referred to
large-scale educational policy, these political orientations affect classroom
interactions by dictating a teacher’s curriculum.
Labaree’s political goals, however, do not capture the philosophical-
political goals of either college or distance learning courses, as these may
not be considered “public education.” Labaree’s argument refers specifi-
cally to public education, in which the government pays for the education
of the country’s youth. Since the government runs the education system, it
demands goals that will benefit society as a whole and requires every child
to take part in education. This is, however, not the case in either higher ed-
ucation or independent distance education. In both cases, education is pur-
sued voluntarily and paid for by the students. Furthermore, students have
a great deal more discretion as to which upper-division elective classes they
take, and can choose to drop a course mid-semester. Teachers, too, have a
great deal more autonomy in the curricula and instruction of these courses.
Instead of being bound to state or federal regulations or catering to the core
educational goals of their school or university, these teachers can design a
course precisely to their specifications, teaching exactly what they find in-
teresting or useful in exactly the way they choose. We suggest that Laba-
ree’s ideas of political goals for teaching might be applied to help gauge
“good teaching” in different pedagogical contexts.
In this light, the mathematical knowledge for teaching differential ge-
ometry, which deemphasizes specialized content knowledge and empha-
sizes knowledge of content and students, takes the form it does specifically
because of the philosophical-political values of the course. More generally,
we hypothesize that the mathematical knowledge for teaching any course
across the educational spectrum, regardless of the content knowledge, is
shaped in large strokes by the goals of the teacher, department, school sys-
tem, state, and nation in which it is located, and through these goals, teach-
ing is influenced by the values of the ambient society.
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